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I. Introduction

T HE past two decades have witnessed several important devel-
opments in the design of feedback controllers for rigid-body

attitude stabilization (set-point regulation) and maneuver tracking
objectives.1,2 However, there still remain certain open problems
in this field that are of great theoretical and practical interest. In
particular, from the standpoint of external disturbance torque re-
jection, there currently exists no unified framework for design-
ing simple control structures inspired from linear control theory
such as proportional-integral (PI), proportional-integral-derivative
(PID), and their variants. The main hindrance, of course, stems from
the fact that the governing differential equations for the kinemat-
ics and dynamics of rigid-body attitude motion are nonlinear in
nature.
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In this Note, we present a novel framework of constructing PI-like
controllers for attitude stabilization without using body angular
rate (velocity) measurements. Our interest in the velocity-free con-
trol framework is largely motivated from practical considerations
wherein the assumption of availability of the angular velocity mea-
surement is not always satisfied because of either cost limitations
or implementation constraints (e.g., tachometers are not available
with all robotic manipulators). The earliest known result in the field
of velocity-free attitude control was given by Lizarralde and Wen3

through the passivity framework. This result utilizes the Euler pa-
rameter (quaternion) kinematics and a passivity filter whose state
enables the construction of the attitude stabilizing controller. The
structure of the filter vector state is shown to be governed through
a stable first-order linear differential equation driven by the vec-
tor part of the quaternion (attitude measurement). Interestingly, the
passivity filter does not have high-pass characteristics and in theory
admits arbitrarily slow bandwidth. Also, for sufficiently small fre-
quencies in the filter’s input signal, the filter output approximates a
pseudo-velocity-like state. However, this is not true for input signals
with higher magnitudes of frequencies.

Subsequent extensions to this velocity-free controller framework
were presented by Tsiotras4 for kinematics expressed in terms of the
nonredundant Gibbs vector and the modified Rodrigues parameters
vector sets. Further generalizations to the case of attitude tracking
along prescribed reference trajectories were given by Akella5 and
Akella and Kotamraju.6

One important merit possessed by all of these passivity-based
schemes is that the underlying velocity-free control law is inde-
pendent of the inertia matrix for the case of set-point regulation,
thereby automatically providing stability robustness in the pres-
ence of arbitrarily large inertia parameter errors. At the same time,
none of the aforementioned results provide room for integral con-
trol action that can potentially help eliminate or reduce steady-
state attitude error in the presence of constant external disturbance
torques. In a recent development, Subbarao7 approached the at-
titude stabilization problem from the nonlinear PID control per-
spective wherein the full-state vector including the angular veloc-
ity was employed for feedback purposes. Even though the control
scheme requires full-state feedback when compared to the passivity-
filter based constructions, this result brings the useful provision
for integral feedback. In terms of robustness with respect to iner-
tia parameter uncertainties, the PID construction of Subbarao7 is
nearly independent of the inertia matrix in the sense that it im-
plicitly requires only prior knowledge on the largest eigenvalue of
the inertia matrix. Attitude control with globally stable closed-loop
dynamics employing the Euler parameters was also discussed in
Ref. 8. The main result in that paper was derived from a feedback-
linearization-like approach, wherein linear attitude error dynamics
was prescribed and the control law was derived to enforce the linear
error dynamics. The feedback control law assumed the knowledge
of the attitude quaternion and the angular velocity information for
implementation.

The fundamental contribution of this Note is the derivation of
a new class of PI controllers for the attitude stabilization problem
without using explicit velocity feedback. This work combines as-
pects of the passivity filter formulations together with the choice
of a Lyapunov function containing cross/mixed terms involving the
various states. The requirement for such cross terms is dictated by
the presence of integral feedback terms within the control law that
cannot otherwise be accommodated within the conventional passiv-
ity filters. As will be illustrated through the subsequent discussions,
the important consequence is that we are able to guarantee global
asymptotic stability for the nonlinear closed-loop dynamics in the
ideal case (zero external disturbances) without requiring any sort
of prior information on the body inertia matrix. Further, through
numerical simulations we will evaluate potential advantages de-
rived through the inclusion of the integral feedback term within the
control law by computing the attitude error convergence in the pres-
ence of unknown (constant) disturbance torques. Local disturbance
rejection is illustrated through a linearization about the nominal
equilibrium point.
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The paper is organized as follows: In Sec. II, we state the gov-
erning nonlinear dynamics concerning rigid-body rotational mo-
tion and the control objective for attitude stabilization. The de-
tails of PI controller structure are stated in Sec. III together with
the necessary Lyapunov stability analysis. The disturbance rejec-
tion feature is also discussed qualitatively. Numerical simulation
results are presented in Sec. IV, followed by concluding remarks in
Sec. V.

II. Attitude Dynamics and Statement
of the Control Objective

The rotational motion of a rigid body is described by the well-
known Euler’s equation

J ω̇ = −S(ω)Jω + u + d (1)

where ω(t) ∈R3 is the angular velocity of rigid body given in
a body-fixed frame of reference, J = J T ∈R3 × 3 is the positive-
definite mass moment of inertia matrix, and u(t) ∈R3 is an external
torque input vector. The bounded unknown external disturbance
torque is defined through d(t) ∈R3. Also in Eq. (1), S(·) denotes
the skew-symmetric matrix operator that performs the vector cross
product in such a way that S(a)b = a × b for every a, b ∈R3.

As far as the attitude kinematics are concerned, we adopt the unit
quaternion vector β(t) ∈R4 to designate the attitude of the rigid
body relative to any target attitude (setpoint). The unit quaternion
representation of the direction cosine (rotation) matrix is defined by
the following:

β = [β0, β1, β2, β3]T = [β0,βv]T (2)

Further details about the quaternion, its usage in description of atti-
tude kinematics, and several associated properties can be found in
Refs. 9 and 10. We summarize the kinematic differential equations
as

β̇ = 1
2 E(β)ω (3)

where the matrix E = E(β) is given by3,9

E(β) =
[ −βT

v

β0 I3 − S(βv)

]
(4)

with I3 being the 3 × 3 identity matrix. It can be easily verified from
the preceding definition that

E T (β)E(β) = I3 × 3, E T (β)β = 0 (5)

Consequent to Eq. (3), the angular velocity vector can be expressed
in terms of β and β̇ as

ω = 2E T (β)β̇ (6)

Thus, we adopt Eqs. (1) and (3) to govern the nonlinear dynamics
of rigid-body rotational motion over the seven dimensional [β,ω]T

space subject to the unit norm constraint on β.
The control objective can now be stated as follows: For the ideal

case when external disturbances are completely absent [d(t) = 0],
the goal is to determine a PI type of input torque vector u, which
is independent of angular velocity ω(t) measurement/feedback in
such a way that the closed-loop trajectories described by Eqs. (3)
and (1) are globally stable and they converge to the set

� = {β0 = ±1,βv = 0,ω = 0}

III. Nonlinear PI Control Design
In this section, we show that when d(t) = 0 for all t ≥ 0 the states

β and ω governed by Eqs. (3) and (1) can be controlled through a
PI framework without angular velocity ω, feedback, and thus, only
orientation β feedback is required. In the following theorem, we
summarize our control solution to the underlying attitude stabiliza-
tion problem by incorporating integral feedback action.

Theorem 1. Consider the system governed by Eqs. (3) and (1)
with d(t) = 0 for all t ≥ 0. Assume that there exist scalar constants
ki ≥ 0, kx �= ki/2, and kp > k2

i /2. (All design parameters have been
set to scalar values to permit ease in algebra and analysis. They
can however be easily replaced by appropriate order matrices with-
out sacrificing any theoretical assurances.) Let the feedback control
torque u(t) be computed by

u = − [kp + 2kx (kx − ki )β0]βv︸ ︷︷ ︸
“Proportional Term′′

− ki (kx − ki/2)[β0 I3 − S(βv)]

∫ t

0

βv(τ ) dτ

︸ ︷︷ ︸
“Integral Term′′

− (kx − ki/2)[S(βv) − β0 I3]x︸ ︷︷ ︸
“Filter Term′′

(7)

where the filter state x(t) ∈R3 is governed by the following first-
order dynamics:

ẋ = −x + 2kxβv + ki

∫ t

0

βv(τ ), any x(0) ∈ R3 (8)

Then, all of the trajectories of the resulting closed-loop system are
guaranteed to be globally uniformly bounded, and furthermore, they
asymptotically converge to the set defined by �.

Before we proceed with the proof for theorem 1, the following
remarks are in order:

1) The control scheme defined through Eq. (7) is rigorously inde-
pendent of the angular velocity state ω. Whereas it involves com-
putation of the filter state x, one must observe that the filter state
dynamics governed through Eq. (8) neither estimate the angular ve-
locity nor approximate it through approximate numerical differenti-
ation. Specifically, the nature of Eq. (8) suggests an asymptotically
stable linear low-pass filter implementation that is forced by both
the attitude variable βv and its integral.

2) The filter construction is motivated from work in Refs. 3 and
4 with the addition of an integral term as a driving input in the fil-
ter dynamics. Another common approach to deal with the output
feedback problem is highlighted in Refs. 11 and 12. This approach
describes the construction of a high-pass filter to generate pseudove-
locity signals from attitude measurements to be used in the feedback
control law. For illustration sake, we present the scalar version of
the filter here:

e f = −ke + p, ṗ = −(k + 1)p + (k2 + 1)e (9)

where k > 0 is a scalar, p is the filter state, and e is the attitude error
(driving signal for the filter dynamics). As an extension of the filter
proposed by Lizzeralde and Wen,3 we propose an introduction of
an integral term in the filter driving input, which will later enable
us in the disturbance rejection process. The form of the filter is
summarized as follows:

e f = p, ṗ = −p + ke + ki

∫ t

0

e dτ (10)

The structure of the filter in Eq. (10) clearly shows that the output
e f in Eq. (10) is less noisy than that in Eq. (9), if the attitude mea-
surements themselves are noisy. Further, unlike the output of the
filter in Eq. (9), Eq. (10) do not estimate the time derivative of the
attitude error.

3) Setting the integral feedback gain ki = 0 within Eq. (7) recovers
the well-known passivity-based angular velocity independent atti-
tude control solution of Ref. 3. On the other hand, retaining a nonzero
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value for ki permits additional flexibility within the control law that
can provide potential benefits in the presence of nonzero constant
external disturbance torques. This is further elaborated in Sec. IV.

Proof of Theorem 1: The proof uses elements of Lyapunov stabil-
ity theory and is organized as follows: we first propose a candidate
Lyapunov function similar to the one used in Ref. 13, which is glob-
ally decrescent and radially unbounded in the states βv and ω; then
we prove that the time derivative of this Lyapunov function is neg-
ative semidefinite along trajectories generated by Eqs. (3), (1), and
(8). Finally, we invoke uniform continuity type of arguments asso-
ciated with Barbalat’s lemma to show that the closed-loop system
is globally asymptotically stable in the sense of theorem 1.

Now, consider the Lyapunov function candidate

V = 1
2ω

T Jω + kp

[
(β0 − 1)2 + βT

v βv

] + 1
2 ẋT ẋ − kiβ

T
v ẋ (11)

which can be shown to be positive definite and proper so long as kp is
selected according to the constraint kp > k2

i /2. Notice the presence
of the cross term involving ẋ and the vector part of the Euler pa-
rameters βv . If the integral feedback gain ki is set equal to zero, the
cross term vanishes within the Lyapunov function candidate defined
in Eq. (11), and one recovers the same choice of Lyapunov func-
tion employed within existing passivity-based attitude stabilization
schemes.3,5 Now, the time derivative of V taken along trajectories of
the closed-loop system can be evaluated through laborious yet rela-
tively straightforward algebra followed by application of the control
torque Eq. (7) and can be stated as

V̇ = −‖ẋ − kiβv‖2 ≤ 0 (12)

Thus, V (t),ω(t), and ẋ(t) are all uniformly bounded. Recall thatβv

is always bounded (unit norm constraint on the Euler parameter).
Also, because V ≥ 0 and V̇ ≤ 0, we have that limt → ∞ V (t) = V∞
exists for some finite V∞ ∈R+. Hence, from Eq. (12) we have∫ ∞

0

‖ẋ − kiβv‖2 dt = V (0) − V∞

which implies that ẋ − kiβv ∈L2. From Eq. (8), we have
ẍ = −ẋ + 2kx β̇v + kiβv , which together with Eq. (3) implies
ẍ − ki β̇v ∈L∞. Using Barbalat’s lemma for ẋ − kiβv ∈L2 ∩ L∞
and ẍ − ki β̇v ∈L∞, we can conclude that ẋ(t) − kiβv → 0 as
t → ∞. Next, by virtue of the fact that the third time derivative
of function

z(t)
.= x(t) − ki

∫ t

0

βv(τ ) dτ

is uniformly bounded, we conclude uniform continuity for z̈(t).
Also, because, limt → ∞ ż(t) = 0, we additionally have

lim
t → ∞

∫ t

0

z̈(τ ) dτ + ż(0) = 0

which when interpreted together with the uniform continuity of z̈(t)
permits the reapplication of the Barbalat’s lemma (using the al-
ternate statement of this lemma from Ref. 14) and finally leads
to limt → ∞ z̈(t) = 0, that is, limt → ∞[ẍ(t) − ki β̇v(t)] = 0. Notice
though that z̈ = ẍ − ki β̇v = −(ẋ − kiβv) + 2(kx − ki/2)β̇v , we have
limt → ∞ β̇v(t) = 0 whenever limt → ∞ z̈(t) = 0 and (kx − ki/2) �= 0.

Starting now with the unit norm constraint on the quaternion
vector β0(t)2 +βT

v (t)βv(t) = 1 and differentiating both sides with
respect to time, it follows that limt → ∞ β0(t)β̇0(t) = 0 after making
use of limt → ∞ β̇v(t) = 0. Therefore we have the following cases:
1) limt → ∞ β0(t) = 0 and/or 2) limt → ∞ β̇0(t) = 0. Let us initially
assume that limt → ∞ β0(t) = 0, but limt → ∞ β̇0(t) �= 0. In this case,
using boundedness of various signals on the right-hand sides of
Eqs. (1) and (3), it is possible to conclude that β̈0(t) is bounded,
thereby implying uniform continuity for β̇0(t). Also

lim
t → ∞

β0(t) = 0 = lim
t → ∞

∫ t

0

β̇0(τ ) dτ

and using Barbalat’s lemma, we obtain limt → ∞ β̇0(t) = 0, which
contradicts our assumption that limt → ∞ β̇0(t) �= 0. Therefore,
irrespective of whether it is case 1) and/or case 2), it always fol-
lows that limt → ∞ β̇0(t) = 0. However, at this point, it still remains
to be shown as to what happens to β0(t) as t → ∞.

We proceed by using the facts that β̇v(t) = 0 and β̇0(t) = 0
as t → ∞, which means that the left-hand side of Eq. (3)
equals zero. Premultiplying both sides of Eq. (3) by the matrix
E T (β) and using the identity stated in Eq. (5), it follows that
limt → ∞ ω(t) = 0. Next, Eq. (1) can be differentiated with time
to show the fact that ω̈ ∈L∞, which implies that ω̇(t) is uni-
formly continuous, or by applying Barbalat’s lemma one more
time, we have ω̇(t) → 0 as t → ∞. This last result together with
the control law given in Eq. (7) can be used in Eq. (1) to demon-
strate that −(kp − ki kxβ0)βv(t) − (kx − ki/2)[β0 I3 − S(βv)]ẋ → 0
as t → ∞. Now, premultiplying both sides with βT

v (t), we obtain
limt → ∞(kp − β0k2

i /2)‖βv(t)‖2 = 0. Because the scalar kp is se-
lected according to kp > k2

i /2 and |β0| ≤ 1 (unit-norm constraint),
it therefore follows that limt → ∞ βv(t) = 0. Once again using the
unit-norm constraint on the Euler parameter vector β(t), it follows
that limt → ∞ β0(t) �= 0 [more precisely, limt → ∞ β0(t) = ±1]. Thus,
we are able to show that

lim
t → ∞

[βv(t),ω(t)] = 0

thereby completing the proof of achieving the stated attitude stabi-
lization objective.

It can further be shown that a direct linearization of the
closed-loop system after substituting the control law yields a
type-I system for the transfer function between the disturbance
input and the attitude vector components, thereby illustrating the
disturbance rejection properties of the control law derived in
Eq. (7).

IV. Numerical Simulation Results
As a test for the new PI control law derived earlier, we consider a

representative problem of regulating the orientation of a rigid body
to the origin. The inertia matrix is specified by

I =


 3 0.1 0.2

0.1 4 −0.3

0.2 −0.3 5




At time t = 0, the orientation of the rigid body is such that the initial
attitude described is β(0) = [0, 1/2

√
2, −1/2

√
2, −√

3/2]T with a
zero initial body angular velocity. Further, we impose a constant ex-
ternal disturbance torque specified by d(t) = [0.2, 0.1, −0.1]T . The
initial condition for the filter state is chosen x(0) = 0, and the fol-
lowing choices are made for the various design parameters: kx = 1,
kp = 1 + k2

i /2.
In the first case, we chose the integral feedback gain ki = 0

amounting to the standard passivity-based attitude control algo-
rithm. The resulting trajectories are plotted in Fig. 1. Time histories
of the vector part of the quaternion βv(t), the angular velocity ω(t),
and the control torques u(t) are shown using ki = 0. Also shown in
Fig. 1 is the norm of the attitude error ‖βv(t)‖. All of the closed-loop
trajectories can be seen to be bounded. The control torque “learns”
and cancels the constant disturbance value so that the angular ve-
locity is regulated to zero. However, as expected, eliminating the
integral feedback induces a nonzero steady-state error for the ori-
entation vector.

For our next set of simulations, we use a nonzero integral feed-
back gain, that is, ki = 0.3 within our control law described in
Eq. (7). All other design variables and initial conditions are kept
unchanged from the preceding simulation except for a slightly
larger kp value as dictated by the condition from theorem 1, that
is, kp = 1 + k2

i /2 > k2
i /2. The resulting closed-loop trajectories are

shown in Fig. 2. We observe from these simulations that although
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Fig. 1 Closed-loop trajectories resulting from standard passivity-based (nonintegral feedback) controller.

Fig. 2 Closed-loop trajectories resulting from PI feedback controller.

the controller is once again able to reject the constant external dis-
turbance torque the steady-state error in the attitude stabilizes to a
much smaller equilibrium value when compared to the ki = 0 case.
(Norm of the attitude vector is plotted in both Figs. 1 and 2 to en-
able comparison.) On the other hand, the speed and quality of the
closed-loop response is nearly identical with and without integral
feedback implying that the slowdown in the performance as a re-
sult of the integral feedback action is virtually undetectable on the

scale of these plots. In this fashion, we have verified through these
simulations that the steady-state values of the attitude errors can be
significantly improved as a result of the integral feedback action
without paying much penalty in terms of either increases in con-
trol torque magnitudes or reduction in control speeds. As opposed
to the classical passivity-based control torque solution provided by
setting ki = 0 within Eq. (7) of theorem 1, the feature of having an
additional degree of freedom afforded through tuning the integral



1096 J. GUIDANCE, VOL. 27, NO. 6: ENGINEERING NOTES

feedback gain parameter ki can be construed as a distinct advan-
tage of the new proportional-integral control law derived in this
Note.

V. Conclusions
The main contribution of Note is the design of a new class of

angular velocity-free attitude stabilization controllers that can be
viewed as generalizations of the existing passivity-based control
algorithms in the sense of providing an additional provision for in-
tegral feedback action. Through a rigorous Lyapunov analysis, we
have demonstrated global asymptotic stability for the full state of
the rigid-body rotational motion when the external disturbances are
absent. The disturbance rejection aspect is illustrated using a lin-
earized setting of the problem. The controller structure includes a
low-pass linear filter state that is derived without explicit differen-
tiation of attitude to synthesize angular velocity-like signals. Nu-
merical implementation of these new results provide the assurance
of significantly improved steady-state attitude error convergence in
the presence of constant unknown external disturbances as a result
of integral feedback action. Whereas in this study we have adopted
the once-redundant Euler parameter representation for the attitude
kinematics, the main results presented here can be readily replicated
in terms of other kinematic representations derived from the Euler
principal rotation theorem such as the Gibbs vector and the modified
Rodrigues parameters.
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I. Introduction

P ROPORTIONAL navigation guidance (PNG) has been widely
used for decades because of its implementation simplicity and

its effectiveness in guiding missiles to intercept nonmaneuvering
targets.1 Recently, new guidance laws have been proposed, based
mainly on optimal control theory,2,3 differential game theory,4 the
geometric approach,5 and variable structure control6 to meet the
challenges posed by ever more agile targets. Improvements to PNG
have also been proposed. For instance, neoclassical guidance7,8 re-
quires line-of-sight (LOS) rate measurements only to warrant zero-
miss distance by rendering the kinematics-PNG-seeker-missile dy-
namic loop positive real. Novel guidance laws are often obtained
in the context of linear systems theory. The argument for such lin-
ear synthesis is that small-angle engagement justifies linearization
around an operating point and, in particular, around a null LOS rate.
However, for the pursuit of highly maneuverable targets and to sat-
isfy demanding precision guidance requirements, synthesis of guid-
ance laws considering the nonlinear missile–target relative kinemat-
ics is intuitively expected to provide performance superior to that of a
linear design relying on approximations. Nonlinear guidance laws
providing performance improved over that of classical PNG have
recently been proposed.9,10 In this context, an issue arising with the
selection of the Lyapunov function candidate relates to the guidance
law potentially depending on terms such as 1/ cos(λ), where λ is
the LOS angle.10 The commanded acceleration may then become
prohibitively large around LOS angles close to ±π/2 rad. In this
Note, we propose a quadratic Lyapunov function candidate resulting
in guidance laws that are free of singularities, such as λ = ±π/2 rad;
and that provide reduced miss distances when compared to PNG.
The cornerstone of the proposed approach lies in the particular se-
lection of the state-space variables used in the Lyapunov-based syn-
thesis, which are trigonometric functions of the LOS and LOS rate.
Provided certain conditions are met, the proposed approach war-
rants uniform ultimate boundedness of the missile–target system
state, namely LOS and LOS rate, for the case of highly maneu-
vering targets. For nonmaneuvering targets, asymptotic stability is
demonstrated. Numerical simulations show the effectiveness of the
proposed nonlinear guidance laws.

II. Mathematical Preliminaries
A. Missile–Target Kinematics

A two-dimensional engagement can be studied by assuming that
the lateral and longitudinal planes are decoupled.8 The engagement
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